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Recent theoretical and experimental studies demonstrated that an electromagnetic 
metamaterial approach is capable of drastically increasing the critical temperature 
Tc of composite metamaterial superconductors. This progress was achieved by 
engineering the frequency-dependent dielectric response function of the 
metamaterial. Here we further extend this approach by introducing the concept of 
hybrid acousto-electromagnetic hyperbolic metamaterial superconductors, which 
are projected to exhibit strongly enhanced superconducting properties due to 
artificially engineered broadband divergency of the Eliashberg electron-phonon 
spectral density function 2F(). Based on the developed approach, a hybrid 
acousto-electromagnetic metamaterial is proposed, which is made of LSCO/STO 
nano-alloy.  
2 
Recent theoretical [1,2] and experimental [3-5] studies demonstrated that an 
electromagnetic metamaterial approach is capable of drastically increasing the critical 
temperature of composite metamaterial superconductors. Metamaterials are made from 
assemblies of multiple elements arranged in repeating subwavelength structures (which 
are sometimes called “artificial atoms”), and they derive their macroscopic properties 
from the properties of these newly designed subwavelength structures. It appears that 
several approaches developed in the electromagnetic metamaterial field may be utilized 
to engineer artificial metamaterial superconductors, which demonstrate considerably 
improved superconducting properties. This initial progress was based on the well-
known relationship between the superconducting properties of a material and its 
dielectric response function eff(q,). Indeed, over fifty years ago Kirzhnits and co-
workers [6] established that the critical temperature, Tc, of a superconductor may be 
related to the behaviour of eff -1(q,) near its poles. This macroscopic electrodynamics 
framework describes electron-electron interaction in a superconductor using an effective 
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where eff(q,) is the dielectric response function of the superconductor, which is 
treated as an effective medium, and VC=4e2/q2 is the Fourier-transformed Coulomb 
potential in vacuum. Therefore, the recently developed ability to engineer a desired 
dielectric response function eff(q,) in a composite electromagnetic metamaterial gives 
us an ability to increase its Tc [1]. For example, considerable enhancement of the 
attractive electron-electron interaction in epsilon near zero (ENZ) [7] and hyperbolic 
metamaterials [8] was related to the increase of Tc in Al/Al2O3-based ENZ [3] and 
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hyperbolic [4] metamaterial structures, respectively. In both cases eff -1(q,) of the 
metamaterial exhibits additional poles compared to the bulk aluminium. These 
additional poles were identified as plasmon-phonons of the composite metamaterial 
structures, and they were observed using inelastic neutron scattering [5]. The hybrid 
acousto-electromagnetic nature of these excitations gives us a strong hint that further 
improvement of the superconducting properties of artificial metamaterials should arise 
from combined use of both acoustic metamaterial and electromagnetic metamaterial 
toolboxes.   
In this paper we further extend the metamaterial superconductor approach by 
introducing the concept of hybrid acousto-electromagnetic metamaterial 
superconductors. Implementation of the acoustic metamaterial tools seems to be a 
natural extension of the earlier purely electromagnetic approach. Using the acoustic 
metamaterial approach, we should be able to engineer the phonon density of states with 
the goal of increased Tc in a superconductor. Some elements of this approach were 
already implemented in [9], where it was proposed to alter the phonon density of states 
in a thin superconducting film by perforating the film with a periodic nanohole array. 
Here we report a much more comprehensive approach, which is aimed at re-engineering 
of the Eliashberg electron-phonon spectral density function 2F() [10] in a hybrid 
acousto-electromagnetic metamaterial, where F() is the phonon density of states, and 
() is the electron-phonon coupling constant at a given frequency .  
 Within the scope of Eliashberg theory the superconducting transition 
temperature Tc may be approximated [9] as  
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where * is the Coulomb pseudopotential,  is the electron-phonon coupling constant, 
ln is the logarithmic average of the phonon frequencies defined by 
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and 2F() is the Eliashberg spectral function. Under several approximations [11], the 
Coulomb pseudopotential is given by 
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where EF is the Fermi energy, c is a cut-off frequency, which is usually chosen as ten 
times the maximum photon frequency, and  is an average electron-electron matrix 
element times the density of states at the Fermi level.  
 The Eliashberg spectral function 2F()  is the key quantity of the theory, which 
is defined as 
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where N(0) is the single-spin electron density of states at the Fermi level, and 
,
',
ij
kkg  is 
the electron-phonon matrix element, with  being the phonon polarization index, and k, 
k’ representing electron wave vectors with band indices i and j, respectively. 
i
k denotes 
the band energy of an electron measured with respect to the Fermi energy. If the 
Eliashberg function is known, then a simple integration gives the total electron-phonon 
coupling constant 
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It was demonstrated by analytical and numerical solutions of the Eliashberg equations 
that the spectral shape of a2F() plays a significant role in defining the ultimate Tc of a 
superconductor [12]. It appears that Tc decreases with an increase of the spectral width 
of a2F(), while the highest Tc is achieved when a2F() exhibits an Einstein spectrum 
(close to a -function at some phonon frequency 0). Below we will demonstrate that 
such a spectrum may be engineered using an acoustic hyperbolic metamaterial 
approach. 
 Following the development of electromagnetic hyperbolic metamaterials, which 
exhibit broadband divergence in their photonic density of states [8], somewhat related 
designs of acoustic hyperbolic metamaterials were introduced [13], which exhibit 
similar divergence in their phonon density of states (DOS). Hyperbolic metamaterials 
are one of the most important classes of metamaterials which exhibit extremely 
anisotropic behaviour due to anisotropic design of their artificially engineered 
subwavelength constitutive elements. In the case of acoustic hyperbolic metamaterials 
they are designed to have extremely anisotropic effective densities (). In a two 
dimensional metamaterial the dispersion relation of phonons in the metamaterial is 
given by 
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where k and  are the phonon wave number and frequency, respectively, and B is the 
bulk modulus of the medium [13]. If both x and y are positive, the equifrequency 
contour of the phonon dispersion law is an ellipse, and the phonon DOS is finite. On the 
other hand, if x and y have opposite signs, this equifrequency contour becomes a 
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hyperbola. In such a case, in the continuous medium approximation the phonon DOS of 
the metamaterial becomes nominally infinite in the hyperbolic frequency bands (see 
Fig.1a). As discussed above, based on the Eliashberg theory, such a case would be 
beneficial for Tc increase of a metamaterial superconductor. Note however that the total 
number of degrees of freedom associated with atomic movements is defined by the total 
number of atoms in the system, and therefore it is fixed. As a result, creation of a 
hyperbolic band inside an acoustic metamaterial just redistributes the spectral weight of 
phonon states between different frequency bands, without changing the total number of 
phonon states. 
 A typical example of a hyperbolic acoustic metamaterial geometry is presented 
in Fig.1b. This metamaterial geometry is made of periodic linear chains of acoustic 
resonators arranged along the x direction inside a background matrix material. The 
acoustic resonators are separated by periodic gaps in the orthogonal y direction. While 
x of such an acoustic metamaterial remains positive and almost frequency independent, 
y changes sign near the acoustic resonator eigenfrequency.  Indeed, as was 
demonstrated in [13], phonon propagation in x- and y-directions can be decoupled in 
this type of structure. Propagation in the x-direction is close to phonon propagation in 
the unperturbed background matrix material (since there is no periodic structure in this 
direction), and the effective density x is close to the background material density. On 
the other hand, the frequency dependent y may be calculated using a lump element-
based acoustic circuit model [14], which gives 
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where the acoustic impedance Za is obtained as 
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In the latter equation ma and Ca denote the acoustic mass and the acoustic capacitance of 
the resonator, respectively [14]. Near the resonant frequency, which is defined by 
Eq.(9), y changes sign, and the acoustic metamaterial becomes hyperbolic.  
 While the hyperbolic acoustic metamaterial geometry presented in Fig.1b is 
highly idealized, it may be reasonably approximated in a realistic metamaterial 
superconductor. One such possibility would be to nanofabricate an appropriate pattern 
of grooves in a thin superconducting film. Another possibility is to use thin 
superconducting films grown by nano-alloying [15,16], in which different material 
phases may self-separate into nano-columnar structures. In order for the metamaterial 
description of such a structure to remain valid, the wavelength of phonons in the 
hyperbolic band h must be considerably larger than the geometric parameters of the 
structure (such as the average distance between the nano-columns and their diameter). 
Let us demonstrate that this condition may be met in a typical high Tc superconductor. 
An example of a potentially interesting metamaterial superconductor structure is 
presented in Fig.2, which is based on the reported study of strain-induced 
superconductivity in La2CuO4+δ using a simple vertically aligned nanocomposite 
approach [15]. It is made of strontium titanate (STO) nanocolumns inside a 
superconducting La1.85Sr0.15CuO4 (LSCO) matrix. The STO nanocolumns in this 
structure play the role of acoustic resonators shown in Fig.1b. Within a parameter range 
estimated below, this structure will behave as a hyperbolic acoustic metamaterial. 
Moreover, it may also behave as an electromagnetic ENZ metamaterial within an 
overlapping parameter range, which results in this metamaterial structure acting as a 
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hybrid acousto-electromagnetic metamaterial. The proposed design targets the low 
frequency optical phonon band in LSCO, which is located around  = 3.6 THz (see 
Fig.3a). It has been established that these optical phonon modes have a large density of 
states F(), which leads to considerable increase in the superconducting coupling 
constant  [17]. Moreover, similar low frequency optical phonon modes also exist in 
other high Tc cuprates. Further increase of the phonon DOS in this frequency range via 
metamaterial engineering is expected to increase the critical temperature of the 
metamaterial. Such a hybrid metamaterial superconductor would potentially exhibit 
much higher Tc compared to the parent LSCO superconductor because of the Eliashberg 
electron-phonon spectral density function a2F() exhibiting an Einstein spectrum, and 
because of the effective Coulomb potential (1) exhibiting ENZ behaviour. We should 
also note that the described effect may also provide an additional contributing factor in 
the Tc increase of La2CuO4+δ, which was observed in [15] and which was attributed to 
strain effects. 
The key observation making the acoustic metamaterial approach possible is that 
optical phonons shown schematically in Fig.2b may have wavelengths that are 
sufficiently large compared to the geometrical parameter d describing the metamaterial, 
and compared to the lattice periodicity a of LSCO. Unlike very low frequency long-
wavelength acoustic phonons, which are generally believed to play almost no role in the 
Cooper pairing of superconducting electrons, long wavelength optical phonons may 
play very important role in the electron pairing, and they can be affected by the 
metamaterial nanostructuring. Based on the frequency of these phonons and the velocity 
of sound in STO (VSTO ~7900 m/s [18]), we may also estimate typical dimensions of the 
STO nanocolumns shown in Fig.2a. These dimensions must be of the order of  
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d ~ STO ~ VSTO/ ~ 2.2 nm                                             (10) 
for the STO nanocolumn to behave as an acoustic resonator. This estimate indicates that 
STO nanocolumnar acoustic resonators may indeed be fabricated inside an LSCO film 
using nano-alloying [15, 16]. We should also note that due to its much higher velocity 
of sound (V~12000 m/s) diamond may be even better choice for an acoustic nano-
resonator material. However, diamond is much less amenable to standard 
nanofabrication techniques. 
 Let us now consider the electromagnetic properties of this metamaterial design 
in the 3.6 THz range. As illustrated in Fig.3, which compares phonon DOS of LSCO 
and STO based on results reported in [19,20], the density of phonon states of STO in the 
3.6 THz range is low. On the other hand, the optical phonon modes of LSCO have a 
large density of states F() in this frequency range, which is assumed to  lead to 
considerable increase in the superconducting coupling constant  [17]. Following [21], 
a simplified dielectric response function of LSCO may be written as 
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where p is the plasma frequency, k is the inverse Thomas-Fermi radius, n(q) are 
dispersion laws of various phonon modes, and n are the corresponding damping rates. 
Zeroes of the dielectric response function (which correspond to various phonon modes 
of LSCO) maximize electron-electron pairing interaction given by Eq. (1). By crossing 
these zeros as a function of frequency, the dielectric response function of LSCO 
changes sign. This argument and the phonon DOS data shown in Fig 3 indicate that the 
dielectric response functions of LSCO and STO must have opposite signs in the 
considerable portion of the 3.6 THz band. As a result, based on the theoretical 
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consideration in [1-5], the metamaterial structure shown in Fig.2a may exhibit ENZ 
properties and additional plasmon-phonon modes. As demonstrated in [5], the plasmon-
phonon modes manifest themselves as an additional pole of the inverse dielectric 
response function of the metamaterial 
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where n is the volume fraction of LSCO, and d is the dielectric response function of 
STO. Appearance of these hybrid plasmon-phonon modes (corresponding to the second 
pole in Eq. (12)) leads to an increase of the electron-phonon coupling constant () of 
the metamaterial.  
 Using Eqs. (8, 9, 12) and based on the experimental data for density (LSCO = 
6.825 g/cm3, STO = 5.11 g/cm3) and electromagnetic properties [22, 23] of LSCO and 
STO, respectively, we may estimate the geometrical parameters of a LSCO/STO 
metamaterial shown in Fig.2a which would simultaneously behave as a hyperbolic 
acoustic metamaterial and as an ENZ electromagnetic metamaterial in the 3.6 THz 
frequency range. Numerical simulations of acoustic and electromagnetic properties of 
such a metamaterial are illustrated in Fig.4. In these simulations it is assumed that the 
metamaterial sample thickness equals 3.3 nm, which produces N = 3 longitudinal 
acoustic resonance at 3.6 THz in the STO nanopillar. Based on [22], the plasma 
frequency of the LSCO was assumed to be p = 290 THz. The volume fraction of 
LSCO in the metamaterial was assumed to be n = 0.7.  
 Let us estimate a potential increase of the metamaterial Tc due to re-engineered 
a2F() in the 3.6 THz range. Based on the consideration of the effect of the spectral 
shape of a2F() on Tc  reported in [12], it may be estimated as  
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where the spectral width R of the Eliashberg function is defined as 
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and Tc(0) is the hypothetic critical temperature of a superconductor assuming that its 
Eliashberg spectral function a2F() exhibits an Einstein -function-like spectrum. 
Based on Eqs. (13,14), a decrease of the spectral width R compared to its starting 
magnitude in the bulk LSCO (defined by the phonon DOS depicted in Fig.3a) should 
lead to increased Tc of the metamaterial superconductor compared to Tc ~40 K in bulk 
LSCO. Using the theoretically estimated value of  =   and *~ 0.1- 0.2 [24] for 
the optimally doped LSCO, and the spectral data in Fig.3a which give the spectral width 
of the order of R ~ 0.15, we have performed numerical modelling of the metamaterial Tc 
as a function of R, which is shown in Fig.5. Based on this modelling, we conclude that 
the critical temperature of the LSCO/STO metamaterial may potentially double 
compared to bulk LSCO in the limit of -function-like Einstein phonon spectrum due to 
hyperbolic acoustic band formed around 3.6 THz. We should also note that a similar 
effect may also provide an additional contributing factor to the tripling of Tc in 
La2CuO4+δ -based nanoalloys which was observed in [15] and which was attributed to 
strain effects. 
In conclusion, in this work we have introduced a concept of hybrid acousto-
electromagnetic hyperbolic metamaterial superconductors, which are projected to 
exhibit strongly enhanced superconducting properties due to artificially engineered 
broadband divergency of the Eliashberg electron-phonon spectral density function 
2F(). The proposed approach combines the acoustic and electromagnetic 
metamaterial tools to optimize TC of the composite metamaterial structure. Based on the 
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developed approach, a hybrid acousto-electromagnetic metamaterial is proposed, which 
is made of LSCO/STO nano-alloy, and which is projected to exhibit superconducting 
critical temperature in the 80 K range. 
This work was supported in part by ONR Awards N0001418-1-2681 and N00014-
18-1-2653.  
 
References  
[1] I. I. Smolyaninov, V. N. Smolyaninova, Is there a metamaterial route to high 
temperature superconductivity?,  Adv. Cond. Matt. Phys. 2014, 479635 (2014). 
[2] I. I. Smolyaninov, V. N. Smolyaninova, Theoretical modelling of critical 
temperature increase in metamaterial superconductors, Phys. Rev. B 93, 184510 (2016).   
[3] V. N. Smolyaninova, K. Zander, T. Gresock,  C. Jensen, J. C. Prestigiacomo, M. S. 
Osofsky, I. I. Smolyaninov, Using metamaterial nanoengineering to triple the 
superconducting critical temperature of bulk aluminum, Scientific Reports 5, 15777 
(2015). 
[4] V. N. Smolyaninova,  C. Jensen, W. Zimmerman, J.C. Prestigiacomo, M. S. 
Osofsky, H. Kim, N. Bassim, Z. Xing, M. M. Qazilbash, I. I. Smolyaninov, Enhanced 
superconductivity in aluminum-based hyperbolic metamaterials, Scientific Reports 6, 
34140 (2016). 
[5] V. N. Smolyaninova, J. W. Lynn, N. P. Butch, H. Chen-Mayer, J. C. Prestigiacomo, 
M. S. Osofsky, I. I. Smolyaninov, Observation of plasmon-phonons in a metamaterial 
superconductor using inelastic neutron scattering, Phys. Rev. B 100, 024515 (2019). 
13 
[6] D. A. Kirzhnits, E. G. Maksimov, D. I. Khomskii, The description of 
superconductivity in terms of dielectric response function, J. Low Temp. Phys. 10, 79 
(1973). 
[7] N. Engheta, Pursuing near-zero response, Science 340, 286 (2013). 
[8] I. I. Smolyaninov, Hyperbolic metamaterials (Morgan & Claypool / Institute of 
Physics, London, 2018). 
[9] M. P. Allan, M. H. Fischer, O. Ostojic, A. Andringa, Creating better 
superconductors by periodic nanopatterning, SciPost Phys. 3, 010 (2017). 
[10] E. G. Maksimov, M. L. Kulić, O. V. Dolgov, Bosonic spectral function and the 
electron-phonon interaction in HTSC cuprates, Adv. Cond. Mat. Phys. 2010, 423725 
(2010). 
[11] P. B. Allen, B. Mitrovic, Theory of superconducting Tc (Academic Press, New 
York, 1982) Vol. 37, p.1. 
[12] R. Combescot, Critical temperature of superconductors: Exact solution from 
Eliashberg equations on the weak-coupling side, Phys. Rev. B 42, 7810 (1990). 
[13] C. Shen, Y. Xie, N. Sui, W. Wang, S. A. Cummer, Y. Jing, Broadband acoustic 
hyperbolic metamaterial, Phys. Rev. Lett. 115, 254301 (2015). 
[14] F. Bongard, H. Lissek, J. Mosig, Acoustic transmission line metamaterial with 
negative/zero/positive refractive index, Phys. Rev. B 82, 094306 (2010). 
[15] E. M. Choi, A. Di Bernardo, B. Zhu, P. Lu, H. Alpern, K. L. H. Zhang, T. Shapira, 
J. Feighan, X. Sun, J. Robinson, Y. Paltiel, O. Millo, H. Wang, Q. X. Jia, J. L. 
MacManus-Driscoll, 3D strain-induced superconductivity in La2CuO4+δ using a simple 
vertically aligned nanocomposite approach, Science Advances 5, 5532 (2019). 
14 
[16] S. H. Cho, C. Yun, H. Wang, J. Jian, W. Zhang, J. Huang, X. Wang, H. Wang, J. L. 
MacManus-Driscoll, Strongly Enhanced Ferroelectric and Dielectric Properties in Lead-
Free Perovskite Titanate Thin Films by Alloying, Nano Energy 45, 398 (2018). 
[17] P. Böni, J. D. Axe, G. Shirane, R. J. Birgeneau, D. R. Gabbe, H. P. Jenssen, M. A. 
Kastner, C. J. Peters, P. J. Picone, T. R. Thurston, Lattice instability and soft phonons in 
single-crystal La2-xSrxCu3O4, Phys. Rev. B 38, 185 (1988). 
[18] R. O. Bell, G. Rupprecht, Elastic constants of strontium titanate, Phys. Rev. 129, 90 
(1963). 
[19] F. Giustino, M. L. Cohen, S. G. Louie, Small phonon contribution to the 
photoemission kink in the copper oxide superconductors, Nature 452, 975–978(2008). 
[20] A. A. Sirenko, C. Bernhard, A. Golnik, I. A. Akimov, Soft-mode phonons in 
SrTiO3 thin films studied by far-infrared ellipsometry and Raman scattering, Proc. MRS 
603, 245 (1999). 
[21] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Saunders, New York, 
1976)  pp. 515‐518;  C. Kittel, Introduction to Solid State Physics (Wiley, New York, 
2004) pp. 260-262, 405. 
[22] N. R. Lee-Hone, V. Mishra, D. M. Broun, P. J. Hirschfeld, Optical conductivity of 
overdoped cuprate superconductors: Application to La2−xSrxCuO4, Phys. Rev. B 98, 
054506 (2018). 
[23] S. Maletica, D. Maletic, I. Petronijevica, J. Dojcilovica, D. M. Popovica, Dielectric 
and infrared properties of SrTiO3 single crystal doped by 3d (V, Mn, Fe, Ni) and 4f 
(Nd, Sm, Er) ions, Chin. Phys. B 23, 026102 (2014). 
[24] Y. Shiina, Y. O. Nakamura, High-Tc copper oxides as phonon-mediated strong-
coupling superconductors,  Solid State Communications 76, 1189-1196 (1990). 
15 
Figure Captions 
Figure 1. (a) Comparison of an elliptic and a hyperbolic phonon dispersion laws in an 
acoustic metamaterial. In the case of a hyperbolic phonon dispersion law the phonon 
DOS becomes nominally infinite in the continuous medium approximation since the 
magnitude of phonon k vector at a given frequency  is unlimited. (b) A typical 
example of a hyperbolic acoustic metamaterial geometry. This metamaterial geometry is 
made of periodic linear chains of acoustic resonators (shown in yellow) arranged along 
the x direction inside a background matrix material. The acoustic resonators are 
separated by periodic gaps in the orthogonal y direction. While x of such an acoustic 
metamaterial remains positive and almost frequency independent, y changes sign near 
the acoustic resonator eigenfrequency.   
Figure 2. (a) Realistic geometry of a hybrid acousto-electromagnetic metamaterial 
superconductor, which is made of STO nanocolumns inside a superconducting 
La1.85Sr0.15CuO4 matrix. The STO nanocolumns in this structure play the role of 
acoustic resonators shown in Fig.1b. (b) Schematic representation of the acoustic and 
optical phonon modes. The acoustic metamaterial description is applicable in a shaded 
area where the phonon wavelength  remains considerably larger than the typical 
geometrical parameters d describing the metamaterial, and the lattice periodicity a.   
Figure 3. Comparison of the phonon DOS in LSCO and STO. (a) Theoretically 
calculated phonon DOS in optimally doped LSCO (from [19]). The low frequency 
optical phonon band in LSCO is located around 3.6 THz. (b) Experimentally measured 
Raman spectrum of STO (from [20]) indicates low phonon DOS in the 3.6 THz range 
(weak spectral lines marked by letter R correspond to the substrate).  
Figure 4. (a) Calculated values of x and y of the LSCO/STO metamaterial 
superconductor as a function of phonon frequency. The metamaterial exhibits 
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hyperbolic behaviour below 3.6 THz. (b) Calculated dielectric response function of the 
LSCO/STO metamaterial superconductor. The metamaterial exhibits ENZ behaviour 
around 3.4 THz.  
Figure 5. Simulated behaviour of Tc of a LSCO/STO metamaterial as a function of 
spectral width R of the Eliashberg function. 
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